Abstract. The paper is devoted to the description of family of scalene triangles for which the triangle formed by the intersection points of bisectors with opposite sides is isosceles. We call them Sharygin triangles. It turns out that they are parametrized by an open subset of an elliptic curve. Also we prove that there are infinitely many non-similar integer Sharygin triangles.
Introduction
The following problem had been stated in the Kvant journal (see [1, page 36] ) and had been included into the famous problem book on planimetry (see [2, page 55, problem 158]). Problem 1.1. It is known that, for a given triangle, the points where the bisectors meet opposite sides form an isosceles triangle. Does it imply that the given triangle is isosceles?
The answer is negative. Sharygin writes: "Unfortunately, the author had not constructed any explicit example of such a triangle (had not provided a triple of side lengths or a triple of angles) with so exotic property. Maybe, the readers can construct an explicit example."
For a given triangle, we call the triangle formed by the intersection points of the bisectors with opposite sides the bisectral triangle (on the Figure 1a triangle A ′ B ′ C ′ is bisectral for ABC).
Definition 1.2. We call a triangle a Sharygin triangle if it is scalene but its bisectral triangle is isosceles.
This work is completely devoted to the detailed study of Sharygin triangles. A great enthusiast of school mathematical contests Sergei Markelov told us that, amazingly, a Sharygin triangle can be constructed if we take a side of the right heptagon and two different adjacent diagonals (see the proof in Section 2).
It turns out that any Sharygin triangle has an obtuse angle (it is proved in [2] ). Moreover, if x denotes its cosine, then −1 < 4x < √ 17 − 5. This implies that the angle measure is between ≈102.663
• and ≈104.478
• . In the example arising from the right heptagon we get the obtuse angle 8π 7 ≈ 102.857
• . In respect that the range of suitable angles is very small, this example is totally amazing and surprising. Consequently, the following question arises naturally: are there other examples of right polygons such that three of its vertices form a Sharygin triangle? Study of
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Of course, an integer Sharygin triangle would be a kind of "triumph" in the problem to construct explicit examples of Sharygin triangles.
To solve this problem S. Markelov started a computation running over all triangles with side lengths not exceeding million. No such luck, after two months (in 1996 or around) the computer answered that there are no examples. Nevertheless, Sergei had not calmed down. Evidently, something suggested him the right answer.
Consider a triangle ABC. Let us denote by AA ′ , BB ′ , and CC ′ its bisectors and by a = BC, b = AC, c = AB its side lengths (see Figure 1a) . Sergei considered the replacement      a = y + z, b = x + z, c = x + y.
This replacement is well known in planimetry. For a, b, c being the side lengths of a triangle, x, y, z are distances from vertices to the points where the incircle meets the adjacent sides (see Figure 1b) . Sergei had rewritten the equation in terms of x, y, z: 4z 3 + 6xyz − 3xy(x + y) + 5z(x 2 + y 2 ) + 9z 2 (x + y) = 0.
It is enough that x, y, z > 0 for a, b, c to satisfy the triangle inequalities. We see that the condition A ′ C ′ = B ′ C ′ becomes a cubic equation on x, y, z without the monomials x 3 and y 3 . This means that the corresponding projective curve E on the projective plane with coordinates (x : y : z) contains the points (1 : 0 : 0) and (0 : 1 : 0). Sergei divided the equation by z 3 passing to the affine chart {z = 0} with the coordinates x = x z and y = y z , and guessed that the point ( x, y) = (1, −3) lies on the curve.
The equation of the curve E is quadratic in x and y. On the next step Sergei reopened the addition law of the points on an elliptic curve. Namely, he guessed a rational point and started to draw vertical and horizontal lines through the points that are already constructed. If we have a point Q on E, then the vertical line intersects the curve in two points (actually, in three points, where the third point is on infinity). The equation on these two points has rational coefficients, and we know one solution that is rational. Therefore, the other one is also rational. If we make after the same construction with the horizontal line through the new point and obtain the point Q ′ , then this construction of Q ′ from Q corresponds to the addition of some point A to Q on the curve E. (We need to define the origin of our elliptic curve to determine the point A = Q ′ − Q that does not depend on the choice of Q.)
Iterating this algorithm (passing from Q to Q+A), Sergei obtained on the fourth step a triangle, i. e. a point with x, y > 0. Replacing the coordinates back to a, b, c, Sergei obtained (a, b, c) = (18800081, 1481089, 19214131). It is not surprising that the computer program running over values before million gives nothing, while the presumably first integer triangle has so grandiose side lengths! Sergei would have found this triangle, if he started the program running the side lengths not exceeding billion on a more powerful computer some time after. Fortunately, the modern computers are not so powerful. This led us to the addition law on the elliptic curve and to some more complicated theory. As a result, we have proved that there are infinitely many non-similar integer Sharygin triangles. In this way, the school-level problem has led us to a beautiful branch of modern mathematics.
In this work we consider the question of how to construct each integer Sharygin triangle. Integer Sharygin triangles correspond to rational points of the elliptic curve E lying in some open subset (defined by the triangle inequalities). Therefore, we need to describe the group of rational points on the curve. Here we find the torsion subgroup, find the rank and give an element of the free part (it seems to be a generator). If this point of infinite order is a generator, then all the integer Sharygin triangles can be constructed from the points that we have found, by the addition of points on E.
The authors are grateful to Sergei Markelov for introducing the problem and a series of useful tricks in the first rough solution. Also the authors are grateful to V. A. Voronov, N. Tsoy, D. V. Osipov, S. S. Galkin, I. A. Cheltsov, S. O. Gorchinsky and other participants of the conference Magadan Algebraic Geometry for useful discussions and advices. We are grateful to N. N. Osipov for the proof of Proposition 4.5.
Lastly, we should explain elementary character of the exposition. The point was to introduce wide public students, non-algebraic mathematicians and alike to the magic of elliptic curves, starting from the absolutely clear, school-level problem. That is why we do not restrict ourselves to refer to standard but involved results from the arithmetics and algebraic aspects of elliptic curves, instead giving absolutely elementary proofs to most of our statements. We wish that students would find their speciality in studying elliptic curves, after reading this introductory text. In Section 3 we reduce the property of a triangle to be a Sharygin triangle to a cubic relation on its sides. Actually, it is enough to substitute side lengths to Denote the points of intersection of bisectors with the opposite sides of (1, ζ, ζ 3 ) by α, β and γ as on the fig. 2 . Let γ ′ denote the reflection of γ from the line through √ ζ and ζ 4 . Then |γ − β| = |γ ′ − β|. Lines (1, ζ 2 ) and (ζ, ζ 3 ) are symmetric with respect to (ζ 3/2 , ζ 5 ). Therefore α lies on (ζ 3/2 , ζ 5 ). Lines (ζ 5 , ζ 3/2 ) and (ζ 5 , √ ζ) are symmetric with respect to (ζ, ζ 5 ). Lines (ζ, ζ 3 ) and (ζ, 1) are also symmetric with respect to (ζ, ζ 5 ). Therefore |α − β| = |γ ′ − β|. Finally, |α − β| = |γ − β|.
Let us prove that the triangle (1, ζ, ζ 3 ) is not similar to a triangle with integer sides. Consider the ratio of two side lengths:
One can verify that the number 2 cos π 7 is a root of the irreducible polynomial z 3 − z 2 − 2z + 1. Therefore it is irrational.
Hypothesis 2.2. Suppose that vertices of Sharygin triangle coincide with vertices of some right polygon with n sides. Then n is divisible by 7, and this triangle is similar to the one described above.
Let us give some ideas about ?? 2.2. From the law of sines we have a = 2 sin α, b = 2 sin β, c = 2 sin γ, where α, β and γ are opposite to the sides a, b, c angles. We will see below that the condition on a, b, c to form a Sharygin triangle is a cubic equation (2) . Substituting this to (2) with γ = π − α − β, we obtain sin α sin β(sin α + sin β + sin(α + β) − sin(2α + β) − sin(α + 2β) − sin(2α + 2β)) = 0.
This can be easily checked by expansion of the brackets in both equations. Skipping sin α sin β, we obtain the equation
Consider complex numbers x = cos α + i sin α and y = cos β + i sin β. Here 0 < α, β < π 2 . Equation (1) implies that the imaginary part of the number w = x + y + xy − xy 2 − xy 2 − x 2 y 2 is zero. This implies that this number coincides with its conjugate. Note thatx = x −1 andȳ = y −1 . Therefore
Suppose that the vertices coincide with vertices of right N -gon. Therefore α = mπ N and β = nπ N for some integer m, n. Therefore x and y are roots of unity of degree 2N . So it is enough to solve the system
for some x, y ∈ C such that x, y, xy have positive real and imaginary parts. Numerical computation shows that there are no solutions except primitive roots of degree 7 for N 2000. This suggests us to give ?? 2.2. But we don not know how to prove it.
Parameterization by an open subset of elliptic curve
Take a triangle ABC.
Proposition 3.1. Triples of side lengths of Sharygin triangles ABC are all triples (a, b, c) satisfying equation
and the triangle inequalities
Proof. The law of cosines and the property of bisectors allows us to express a
The first multiplier (a−b) corresponds to isosceles triangles ABC. The second multiplier 
It is easy to see that the intersection is non-empty. For example, the point (1, 0) lies on E and on the boundary of T . The tangent of E at (1, 0) has the equation x + y/4 = 1. Therefore, there are infinitely many real points of E in T .
This proves that there are infinitely many scalene pairwise non-similar triangles with isosceles bisectral triangles. Therefore, we obtain that there are infinitely many Sharygin triangles with real side lengths. Below we consider integer Sharygin triangles.
4.
Integer triangles and rational points on elliptic curve 4.1. Smoothness and inflexion points. We have seen above that Sharygin triangles are parametrized by an open subset of a cubic curve E defined by the equation (2).
Proposition 4.1. The curve E is an elliptic curve.
Proof. It is sufficient to check that the curve E is smooth. The system ∂q ∂a = ∂q ∂b = ∂q ∂c = 0 has no non-trivial solutions. This implies that the curve E is smooth and therefore is an elliptic curve.
The fact that an elliptic curve has 9 inflexion points is well known (see [3, Ch. IV, §2, Ex. 2.3.g, page 305]). We want to find some inflexion point and consider it as the origin of the elliptic curve E, because in this case the addition law is simpler then for other choices of the origin. Proposition 4.2. The only inflexion point of E defined over Q is (1 : −1 : 0).
Proof. The inflexion points are defined as the intersection points of E and its Hessian being also a smooth cubic. It can be easily verified that there are 9 intersection points and that the only point among them defined over Q is (1 : −1 : 0). All the others become defined over the extension of Q by the irreducible polynomial
Therefore, the proposition is proved.
We take the point O := (1 : −1 : 0) as the identity element of the elliptic curve E. Then for a point A with coordinates (a : b : c) the point −A has the coordinates (b : a : c). Indeed, it is easy to check that these three points lie on one line and the equation is symmetric under the permutation a ↔ b.
Torsion subgroup.
At first, we need to find the Weierstraß form of E to find its torsion subgroup. Under the change of coordinates
the equation q = 0 transforms to
The discriminant equals ∆ = 2506752 = 2 14 · 3 2 · 17. The set of points of finite order can be easily described using the following result. Theorem 4.3 (Nagell-Lutz, [4, 5] ). Let E be an elliptic curve y 2 = x 3 +ax 2 +bx+c with a, b, c ∈ Z. If a point (x, y) = ∞ is a torsion point of E(Q), then
Proposition 4.4. The torsion subgroup of E(Q) is isomorphic to Z/2Z and consists of the points O and (1 : 1 : −1), which we denote hereafter by D.
Proof. We can consider all the divisors y of ∆ and for each y find all integer solutions x. It can be verified that the unique solution is (x, y) = (0, 0). This point has (a : b : c)-coordinates equal to (1 : 1 : −1).
Let us give some elementary proof of the fact that the point A = (1 : 0 : −1) has infinite order. Applying the torsion group description, we can say that A = O, D, but this proof uses the Nagell-Lutz Theorem. The proof below does not use it and is almost school-level.
Proposition 4.5. The curve E has infinitely many rational points. In particular, the point A = (1 : 0 : −1) has infinite order.
Proof. Take a rational point P 0 = (x 0 , y 0 ) on the elliptic curve E such that y 0 = 0. Consider its duplication, i. e. the point P 1 = 2P 0 = (x 1 , y 1 ). It can be constructed as the intersection point of the tangent line to E at P 0 . It is easy to check that
Let x 0 = p 0 /q 0 and x 1 = p 0 /q 0 be the irreducible ratios. Then
.
Suppose that p 0 is odd and positive (for example, P 0 = 6A with x 0 = p 0 /q 0 = 121 16 ). Then p 1 is also odd and positive. It is easy to see that 
Therefore, numerators of x coordinates of points P i , where P i+1 = 2P i , increase (in particular, for P 0 = 6A). We conclude that A has infinite order.
Theorem 4.6. Rational points are dense on the curve E. There are infinitely many pairwise non-similar integer Sharygin triangles.
Proof. Consider the rational point A = (1 : 0 : −1) on E. Since A = O, D, its order is infinite. Firstly, the fact that ord A = ∞ was proved in other way. It was checked that points nA are pairwise different for n = 1, . . . , 12
1
. From Mazur Theorem it follows that order of any torsion point of any elliptic curve does not exceed 12. Therefore, A is not a torsion point.
Consider the equation (2) in three-dimensional affine space. It is homogeneous, i. e. if a point (a, b, c) = 0 is a solution, then any point of the line (λa, λb, λc) for any λ is a solution. In other words, the set of solutions is a cone. Consider the unit sphere S = {a 2 + b 2 + c 2 = 1}. The cone intersects it in a curve E that consists of three ovals (see Figure 4) . Under the map of S into the projective plane P 2 = {(a : b : c)} points of projective plane correspond to pairs of opposite points on S. Two of the ovals are opposite on the sphere, and another one is opposite to itself.
For any point nA = (a n : b n : c n ) of E denote by A n one of two points of intersection of the line (λa n , λb n , λc n ) and the sphere S. Since all these lines are different and any pair of them intersects only at the origin, all the points A n are pairwise different. Therefore, {A n } is an infinite subset of the compact set S ⊂ R 3 . From Bolzano-Weierstrass theorem it follows that there is a limit point L of the Figure 4 set {A n }. The curve E is closed, and A n ∈ E for any n, therefore L ∈ E. The point L ∈ E corresponds to a point L ∈ E that is a limit point of the set nA.
It is easy to see that the addition (X, 
The point f (n ε A, m ε A)
• corresponds to a Sharygin triangle, • is rational.
Therefore, we obtain an integer Sharygin triangle in arbitrary small neighborhood of M . So we get infinitely many integer Sharygin triangles. Now let us prove that rational points are dense on E. We see that topologically E is a union of two circles. One can see that as a topological group E is a product S 1 ⊕ Z/2Z, and any of two circles has a rational point (for example, O and D). Therefore the set of points {nA} ⊔ {nA + D} consists of rational points and is dense in E.
4.3.
Rank. The rank of an elliptic curve E over the field Q is defined as the rank of it as an abelian group. Unlike the torsion subgroup, there is no known algorithm to calculate the rank of any elliptic curve. But some results are known and allow to find ranks of some curves. One of them is related to the Hasse-Weil function defined below. To give the definition, we need to introduce some notations.
For
For the proof and details see [6] .
Definition 4.7. For each prime number p not dividing ∆ denote by N p the number of points on the curve E(F p ), i. e. the number of pairs (x, y), where 0 x, y p − 1, such that
where ℓ p (E, s) is a certain polynomial in p −s such that ℓ p (E, 1) = 0 (see [7, p. 196 
]).
From the estimation
proved by Hasse (see [8, 9] ) it follows that L(E, s) converges absolutely and uniformly on compact subsets of the half-plane {Re(s) > 3/2}. It was proved by Breuil, Conrad, Diamond, Taylor and Wiles (see [10] [11] [12] ) that L(E, s) has an analytic continuation to C. It turns out that the behavior of L(E, s) at s = 1 is related to the rank of E in the following way. Define the analytical rank rk an (E) as the order of vanishing of L(E, s) at s = 1.
Theorem 4.9 (see [13] [14] [15] ).
• If rk an (E) = 0, then rk(E) = 0, • If rk an (E) = 1, then rk(E) = 1. By 4.10 it implies that the curve has rank 1. But this method uses some computer algorithm that is not well known. We give below a method to check this in a way that does not use complicated computer algorithms and applies more complicated geometrical methods instead.
The corresponding method is called 2-descent and is related to computation of weak Mordell-Weil groups of elliptic curves. We will not give full proofs and details of the underlying constructions (they all can be found in [17] ), but briefly recall some basic notation of the method and shortly explain why does it work.
Take an elliptic curve E defined over a number field K. We don not specify the field here, because we should take some extension of Q below. Denote
• by E(K) the set of K-points on E,
2 the subgroup of points of order m over the algebraic
The main idea is to find an embedding of the group E(K)/mE(K) to some group and then find the preimages of elements in E(K). If we know the image of E(K)/mE(K) and the torsion subgroup of E(K), then we can calculate the rank of E. 
is defined as follows. For a point P ∈ E(K) there exists a point Q ∈ E(K) such that [m]Q = P . Then put κ(P, σ) = Q σ − Q.
It can be proved that this pairing is well-defined, bilinear, has the left kernel mE(K) and the right kernel GK /L , where L is the field of definition of all the points in [m]
−1 E(K) ⊂ E(K). Therefore, it defines the perfect pairing
We can view it as an injective morphism
There is a so called Weil pairing
where µ m ⊂K is the group of roots of unity of degree m. It is bilinear, alternating, Galois-invariant and nondegenerate. In particular it implies that if
]. Hereafter we assume that E[m] ⊂ E(K).
Remark 4.12. Actually, this is the moment that requires to extend the field. We will apply the method in the case m = 2. But E [2] is not defined over Q. So we need to extend the field to Q( √ 17). Consideration of other m does not help.
Hilbert's Theorem 90 says that each homomorphism GK /K → µ m has the form
This defines the isomorphism
where δ K (b)(σ) = β σ /β and β is chosen such that β m = b. With this notation we can define the pairing
m using the following diagram:
where e m (δ e (P ), T ) = δ K (b(P, T )). Let us check that the pairing b is nondegenerate at E(K)/mE(K). Take P = 0 mod (mE(K)) in E(K). It is taken by δ E to h :
Since e m is nondegenerate, there exists
Denote by S the set of all valuations of K including all non-archimedian, dividing m and all bad reductions of E. Then we can define the group
The very useful fact is that the image of the pairing b lies in K(S, m). We omit the corresponding proof. Since E[m] ≃ (Z/mZ) 2 , we can fix there two generators T 1 and T 2 . Then we obtain the morphism
Denote f i (P ) = b(T i , P ), i = 1, 2. Since b is nondegenerate at E(K)/mE(K) and E[m] = T 1 , T 2 , this map is injective. The group K(S, m) can be easily constructed.
Given fixed (b 1 , b 2 ) ∈ K(S, m) × K(S, m), we are interested whether there exists a point P ∈ E(K) such that
for some z 1 , z 2 ∈ K × . If we substitute P = (x, y) to the Weierstraß equation of E, the problem of calculating E(K)/mE(K) will be reduced to the problem of existence of a solution of
This method is called m-descent. From this moment we put m = 2. The assumption E[2] ⊂ E(K) implies that the Weierstraß equation has the form y 2 = (x − e 1 )(x − e 2 )(x − e 3 ) with e i ∈ K.
In these coordinates three nontrivial 2-torsion points are T i = (e i , 0). It can be checked that if we put T = (e, 0), than the corresponding function f is f (z) = z − e. At z = ∞ and z = e it can be calculated by linearity. Finally, the map (f 1 , f 2 ) has the form
e1−e2 , e 1 − e 2 , x = e 1 , e 2 − e 1 , e2−e3 e2−e1 , x = e 2 , (1, 1) ,
In our case the equation has the form
So we see that in our case
is the image of a point P = (x, y) ∈ E(K)/2E(K) not coinciding with O, (e 1 , 0), (e 2 , 0) if and only if the system of equations
(We omit the calculation leading to this form.) If such a solution exists, we can take
We put
Over Q the set S equals {2, 3, 17, ∞}. The group of unities of Q( √ 17) is −1 2 ⊕ 4+ √ 17 ∞ . Therefore the group of unites modulo squares has the set of representatives {±1, ±(4 + √ 17)}. Over Q( √ 17) the number 2 splits as . Denote a + √ 17b = a − √ 17b the image of the unique nontrivial automorphism of Q( √ 17) over Q. Therefore, we can choose the set of representatives of K(S, 2) each of them is a product of some of numbers in the set
So the set of all pair (b 1 , b 2 ) in K(S, 2) consists of (2 6 ) 2 = 4096 pairs. We will see below that the system
has a solution (z 1 , z 2 , z 3 ) ∈ K × × K × × K with x, y ∈ Q only for the values b 1 and b 2 listed in the following table
The rest of the proof is analogous to the proof in example given in [17] , but it is some bit more complicated due to the difficulties arising from the field extension and prime decomposition in its ring of integral elements. Proceeding systematically, we list our results in the following table.
On the first step we find z 1 , z 2 , z 3 for b 1 and b 2 listed in the table above. On other steps we consequently exclude possible factors of b 1 and b 2 . Also on the fifth step we prove that multiplicities of 2 − and 2 + in b 1 are equal, on seventh step we deduce the cases b 1 ∈ {±1, ±2} to the case b 1 = 1 using the homomorphism property of f . It remains to proceed this sequence step by step.
1 Let us find the solution for the cases listed above and the corresponding points on the elliptic curve.
(1) Take (b 1 , b 2 ) = (1, 1). Note that e 2 = e 3 . Therefore, if we assume z 1 ∈ Q and find z 1 , z 2 such that z 2 1 − z 2 2 = e 2 , then it is enough to take z 3 = z 2 . We can take
. This choice corresponds to the point P = (4, 4) = 2A.
as a solution of
This gives the point
This gives the point P = (−1, 6) = 3A.
as a solution of 
Right hand side has 17-order 0. In the left hand side the first summand has order 1/2 and the second summand has half-integer 17-order. Either the last is positive or negative, anyway the equation has no solutions.
in the same way it follows that z 1 and √ 17z 3 are integral in Q 17 ( √ 17). In the equation
the right hand side has order 0, in the left hand side the first summand has positive order and the second summand has half-integer order. Therefore there are no solutions. Therefore √ 17 does not contribute to b 1 . 4 Consider the unramified field extension Q 3 ⊂ Q 3 (i). Since x 2 = 17 has a root in the residue field F 3 (i) = F 9 , by Hensel's lemma it has a root in Q 3 (i). The valuation ord 3 has integer values on the extension. The following reasoning literally repeats the previous case, except the half-integer and integer valuations are replaced with odd and even integer valuations. Therefore 3 does not contributes to b 1 . 5 Consider the valuations ν − and ν + at 2 − and 2 + . They both are even for z It is well known that the integral domain of Q( √ 17) is Euclidean and therefore an UFD. Any element there is a product of some irreducible elements and a unity. The element b 1 is a product of some subset in {−1, 2,ĩ}. Therefore, the element b 1 z 2 1 is not a square under the projection into the unity subgroup, becauseĩ is not a square there.
Hence,ĩ does not contribute to b 1 and ord 2− b 1 = ord 2+ b 1 . Therefore, b 1 ∈ Q. 6 Here we prove that the prime 2 − has the same degree at b 1 
In other word, ord 2 2 − = 1 and ord 2 2 + = 0. Also
Suppose the degrees of 2 − in b 1 and b 2 differ. Then on of the following cases holds:
1 is odd and ord 2 b 2 z 2 is even, the equation
implies that z 1 and z 2 are integral in Q 2 , and ord 2 z 1 = 2. In the equation 1 is even and ord 2 b 2 z 2 is odd, the equation
implies that z 1 and z 2 are integral in Q 2 , and ord 2 z 1 3. In the equation
6, and ord 2 b 1 b 2 z 2 3 is odd, and ord 2 e 3 = 0. Therefore, there are no solutions.
) is a homomorphism. We prove below that for b 1 = 1 system (3) has a solution only for b 2 = 1. Therefore, for each b 1 there is at most one b 2 such that system (3) has a solution. In 1 we have constructed these solutions. Hereafter we consider only b 1 = 1 and the system 
In the same time y = b 2 z 1 z 2 z 3 ∈ Q. This implies that z 1 ∈ Q.
Since x 2 = 17 has a non-zero root in F 3 (i) = F 9 , we have an embedding Q( √ 17) ⊂ Q 3 (i). The valuation ord 3 can be extended from Q 3 to Q 3 (i) and has there integer values. We have z = 2 + O(3) in Q 3 (i). As above, z 1 and z 2 are integral in Q 3 (i). Therefore, z 2 1 ≡ 2 in F 9 . But it was proved above that z 1 ∈ Q. This means that its square is not 2 modulo 3. The curve E can be written in some different coordinates:
(1) y 2 + y = x 3 + x 2 − 2x (minimal form), (2) y 2 = x 3 + 5x 2 − 32 (the form we use in 2-descent algorithm), (3) c 3 + c 2 (a + b) = c(a 2 + ab + b 2 ) + a 3 + a 2 b + ab 2 + b 3 (initial form).
In the following table some points of E(Q) are listed: Recall that for given point Z = (x : y : z) the point −Z is (x : z − y : z) in the first case and is (x : −y : z) in the second case, for the point Z = (a : b : c) in the third case the point −Z is (b : a : c).
Let us find some of integer triangles. Minimal among them are the following.
• given in the introduction triangle corresponding to 9A + D:
(83 2 · 2729, 1217 
